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a b s t r a c t
We consider words over a finite alphabet with certain uniqueness properties (a subse-
quence of length k does not occur more than once) and distance properties (at least j other
symbols separate the occurrence of the same symbol). The maximal length of these words
is realised by linear de Bruijn sequences with certain forbidden subsequences. We prove
the existence of these maximal sequences.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
In robotics,more specifically in the problemof navigating an AVG, it is often necessary to locate the vehicle automatically.
A popular strategy uses a camera and a prepared environment with landmarks. Of course, these landmarks should be easily
detectable in the image, and in addition theymust be identified in order to know their position in thework space. Sometimes
colours are used for the unique determination of the navigation landmarks. The reader might check the references [5,8,3].
For indoor applications one might consider the idea of a coloured bar code. On the walls, at a convenient height for the
camera attached to the moving vehicle, we paint vertical bars in different colours. The boundaries of these bars can be
identified in the camera image by gradient and filter methods, provided that adjacent bars have colours that are sufficiently
distinguishable. So, these boundaries can serve as landmarks.
In order to identify the world position of a detected bar boundary, the involved colours must be unique. However, we
want to avoid a too large variety of colours, because this is too expensive and it conflicts with the goal to distinguish (let
alone the aesthetic arguments). On the other hand, we can try to minimise the number of colours by using the same colour
more than once, still achieving the landmark uniqueness by using every colour combination for adjacent bars exactly once.
The number of colours (for a given wall length and bar width) can be even more substantially decreased if at any time
three (or more) adjacent bars appear in the camera image. Indeed, in this case an adjacent colour pair can be repeated as
long as each sequence of 3 (or k ≥ 3) adjacent colours is unique.
Alternative colour codes exist, e.g. where each vertical stripe is replaced by two coloured squares resulting in two rows
on top of each other and where we take care of unique colour combinations for four squares that come together in one
vertex.
The previous considerations lead to the following combinatorial problem. Suppose we are given an alphabet A with n
symbols (colours). Let us consider words w over this alphabet such that no adjacent pair ab occurs twice in w (‘‘unique
neighbour pairs’’) and such that adjacent symbols are different (‘‘squarefree’’). What is the maximal length of such a word?
More general, we might restrict to words for which each subword of length k is unique and for which each pair of repeated
symbols is separated by at least j other symbols. Themaximal length of suchwordswill be denoted by SEPLk,j(n). In Section 4
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an expression for this number is obtained. It is deduced by the existence of so-called j-separative de Bruijn sequence of order
k, in the case 1 ≤ j < k < n. For example,
abcbcacbabacab
is a 1-separative (squarefree) de Bruijn sequence of order 3 over the alphabet A = {a, b, c}. So, SEP3,1(3) = 14.
Remark. In many articles de Bruijn sequences are assumed to be circular. All the sequences in this article are linear!
The standard way to prove the existence of de Bruijn sequences for a ‘‘general language’’ (excluding forbidden subse-
quences) goes by showing that the associated de Bruijn graph is Eulerian [4]. We succeed in this by observing that in our
context the associated graphs are line graph iterations of the ordered base graph OBGk. This is a directed graph with nodes
corresponding to all the k-sequences over the alphabet A (k ≤ n) that consist of k different symbols ( = ordered bases of the
uniform rank kmatroid). The arcs are defined by (xS, Sy)with S of length k− 1 and x 6= y. In Section 3 we prove that OBGk
is strongly connected if k ≤ n− 2 (Theorem 1). The idea of using line graph iterations for constructing de Bruijne sequences
is not new [10]. For efficient algorithms for generating words with forbidden substrings we refer to [7].
2. Some facts about digraphs
For a given digraph G = (N, A), the corresponding line graph L(G) = (N ′, A′) is a digraph with nodes corresponding to
the arcs of G (so N ′ = A) and
A′ = {(xy, yz) | xy ∈ A and yz ∈ A}.
We will need the following properties of line graphs (either available in standard text books on graph theory [9,2,6], or
easy to prove):
- If G is strongly connected then L(G) is strongly connected as well.
- G allows a Eulerian path (resp. Eulerian cycle) if and only if L(G) admits a Hamiltonian path (resp. cycle).
- If G is connected and if there exists a constant d such that for each node x of G: indeg(x)= outdeg(x)= d then both G and
L(G) are strongly connected and Eulerian (existence of a Eulerian cycle). Furthermore, in this case each node y of L(G) has
indeg(y)= outdeg(y)= d.
3. The graph of ordered bases
Let B denote the bases of a uniform rank k matroid on n elements. The base graph BGk of this matroid is an undirected
graph with one vertex for each base. Two vertices are connected by an edge if the corresponding bases overlap in exactly
k − 1 elements. So, we have ( nk ) vertices and each vertex has degree k(n − k). In [1] it is proven that the base graph of a
uniformmatroid is hamilton-connected.
In this section we consider the n!/(n− k)! possible ordered subsets of size k out of the n elements of a given alphabet A.
We will call them ordered k-bases and collect them in the set OBk(A) (or OBk(n) or just OBk).
We need two graphswith node setOBk. The uniform graph UGk has a node for each of these ordered k-bases. Furthermore,
we have an arc in UGk from xS to Sywith S an ordered (k− 1)-base. The ordered base graph OBGk is the subgraph of UGk that
is obtained by deleting the arcs of the form (xS, Sx). Notice that both graphs, UGk and OBGk, are subgraphs of the well known
‘‘de Bruijn graph of order k’’, where the nodes are all words of length k, allowing repeated symbols.
In the special case k = 1, these graphs reduce to the complete digraph on the alphabet A, OBG1 without and UG1 with
loops.
If n = k then OBGk merely consists of isolated vertices and UGk has dicycles of length n = k as connected components. If
n = k + 1 then each connected component of OBGk is a dicycle of length n = k + 1. The key result of this paper tells that
OBGk and UGk+1 are strongly connected if n ≥ k+ 2.
Theorem 1. If 1 ≤ k ≤ n− 2 then OBGk is strongly connected. If 1 ≤ k ≤ n− 1 then UGk is strongly connected.
Proof. The proof goes by induction on k.
The complete digraphs OBG1 and UG1 are strongly connected. Let 2 ≤ k ≤ n − 2 and assume that OBGk−1 is strongly
connected.
The heart of the matter is the observation that UGk = L(OBGk−1). Form this and from the induction hypothesis it
immediately follows that UGk is strongly connected. The directed paths in UGk are maintained except those that contain
an arc of the form (xS, Sx). Because n ≥ k− 2 there exist at least two symbols a and b that do not occur in xS. Consequently,
the string xSabSx does not contain a substring of length kwith repeated symbols. This implies a directed path from xS to Sx
in OBGk. We conclude that OBGk is strongly connected as well.
Finally, UGn−1 = L(OBGn−2) is strongly connected. 
968 R. Penne / Discrete Mathematics 310 (2010) 966–969
4. j-Separative de Bruijn sequences
Once again, A is a given alphabet with n symbols. For k ≥ 2, a word w over A is called k-uniform if each subsequence of
length k ofw consists of mutually different symbols.
In a k-uniform word two occurrences of any symbol a are separated by at least k − 1 symbols different from a. We call
sequences with this property (k−1)-separative. Nowwe can weaken the condition of being ‘‘uniform’’ by requiring that the
sequence be j-separative for some fixed 1 ≤ j < k. Notice that 1-separative is the same as squarefree. A word that contains
each j-separative subsequence of length k exactly once is called a j-separative de Bruijn sequence of order k. Provided they
exist, these j-separative de Bruijn sequences realise the maximal length among all words for which every k-subword is
j-separative and for which no repetition of a k-subword is allowed. We let SEPLk,j(n) denote the length of such sequences.
Examples. - If A = {a, b, c, d, e} then
abacadaebcbdbecdcedea
is a 1-separative (squarefree) de Bruijn sequence of order 2 (SEPL2,1(5) = 21).
- If A = {a, b, c} then
abcbcacbabacab
is a 1-separative (squarefree) de Bruijn sequence of order 3 (SEP3,1(3) = 14).
Let SGk,j(A) be the digraphwith a node for each j-separative subsequence of length k. If j = k−1 thenwe put SGk,j = UGk,
otherwise SGk,j = L(SGk−1,j). Notice that for k ≥ 2, SGk,1 = Lk−1(OBG1), with OBG1 the complete loop-free digraph on A.
In the terminology of [4], SGk−1,j is the de Bruijn graph for the dictionary of allowed words (j-separative words of length
k). So, according to [4], the existence of j-separative de Bruijn sequences of order k comes down to SGk−1,j being Eulerian, or
equivalently, SGk,j being Hamiltonian. This will be the idea of the following proof:
Theorem 2. Given 1 ≤ j < k and an alphabet A of size n. There exist j-separative linear n-ary de Bruijn sequences of order k if
and only if j ≤ n− 2. Furthermore
SEPLk,j(n) = n!
(n− j)! (n− j)
k−j + k− 1.
Proof. As UGk = L(OBGk−1), it follows that UGk is strongly connected and Hamiltonian if k ≤ n− 1. Furthermore, since the
indegree and the outdegree is a constant for the nodes of OBGk−1, this is inherited by its line graph UGk: indegree equals the
outdegree equals (n− k+ 1). So, UGk is Eulerian too.
Consequently, if j ≤ n− 2 then
SGk,j = Lk−j−1(SGj+1,j) = Lk−j−1(UGj+1) = Lk−j(OBGj)
implying that SGk,j is Hamiltonian. Observe that the Hamiltonian paths correspond to j-separative de Bruijn sequences of
order k, which establishes the existence.
The number of of nodes inOBGj equals the number of ordered basis inOBj: n!/(n− j)!. Furthermore, each node inOBGj has
constant outdegree (or indegree) equal to n− j. Because this outdegree (or degree) is inherited by all line graph descendants,
the number of nodes in SGk,j = Lk−j(OBGj) equals
n!
(n− j)! (n− j)
k−j.
The length of a Hamiltonian path plus (k− 1) equals the number of symbols in the corresponding word. 
Special cases.
- The application described in the introduction motivates the construction of maximal squarefree words with n symbols
(colours) such that for a fixed k each subsequence of length k is unique. In practice, the value of k depends on the number
of coloured bars that can be seen by one camera image. The maximal length that can be achieved by n colours:
SEPLk,1(n) = n(n− 1)k−1 + k− 1.
- Squarefree words might be generalised by k-uniform words, where no repeated symbols are allowed in the subwords of
length k. If we require once again that each subsequence of length k is unique then the maximal length is given by
SEPLk,k−1(n) = n!
(n− k)! + k− 1.
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